BH Astrophys Ch6.6



The Maxwell equations
- how charges produce fields
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Total of 8 equations, but only 6 independent variables (3 components each for E,B)

Where are the two extra equations hidden?

o(V-D 0 : :
—% =4An(V - J) —ﬁ =V.J Conservation of (electric) charge
See Jackson 3ed Ch 6.11 for more about this
oV-B) ) “Constrained transport” of magnetic field
o Conservation of magnetic monopoles ( equal zero in our universe)

Therefore the Maxwell equations actually have in-built conservation of electric and
magnetic charges! (therefore total independent equations are 6 only)



Energy momentum equations
— How fields affect particles

d&
Work done by EM field on charges — =qV - E
EM

C

v
Lorentz force equation Fem = ¢ (E + — X B)

For fluids, they translate to
. 1
pg=J- - E SEM:pqE"’EJXB

q 1s the local heating (or cooling) rate per unit mass

Oe .
Recall energy equation of fluid E + V- (E V) = —pV-V 4+ pq



The scalar and vector potentials

- 3 oB
Given the Maxwell equations, v - B=0 and _;;+V*xF=0

One can define a scalar potential ¢p and a vector potential A which have the relations
with E and B as

- 194

c Ot

B=Vx14

=y

However, we can see that any change of ¢ and A that follow

—p+ 2 A =G4z
=0 c Ot B

Will still give the same E and B fields

This is called “gauge invariance”, we have the freedom to choose some Z that would
make problems easier.



The Lorenz Gauge

N R IR 104
i initi B=Vx2 il
Applying the definitions X E=-Vp-———
: = _ . 4m_. 10D
One can transform the two source equations V-D =4mp VxH=—T+=—-
c Cc t
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Often when the problem involves waves, a convenient gauge is the “Lotenz Gauge”

10(]5 : ¢,:¢+16_Z 1 927
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Applying the Lorenz Gauge condition, the two potential equations become

1 9%¢ 1 924 . 4m
= —— — V% = ——— —72A =
2oz e =Amp 2 3t2
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This is not the Lorentz as in Lorentz transformations! Ludvig Lorenz (1829~1891) Hendrik Lorentz (1853~1928)



Linearly polarized plane EM waves

1IN vacuum

1 92
—¢—|72¢=o

. 1024
In vacuum, the wave equations become = — — 2
c? Ot? 2

otz

e ¢ = R{pexplilkz — wt)]} E = R{E expli(kz — wt)]}
I BIVES R {A expli(ks — wh)]} B = R{B expli(kz — wt)]}

. 10
The Lotenz gauge condition V- A4 + z a—f =0 gives A° = Lo

: . L 1 0%Z
Since Z used in the gauge transforms also satisfies Szt V2Z =0

It also has the wave solution Z = R{Z exp[i(kz — wt)]}
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, ¢ ot Then tells us that -
A =4+Vz AY — AY

A% =A% + 1kZ



Building the spacetime compatible
form of electromagnetism

To work in spacetime, we need equations to be in tensor form such that they will be
valid in any frame, in harmony with the principle of relativity.

It is therefore crucial to rewrite the whole set of equations in 4-form, either with 4-
vectors or tensors.

Previously, we started off with the electric and magnetic fields from the Maxwell’s
equations and finally came to another fully equivalent form in describing things - the
potentials.

Here, we will do the reverse, we work out the potential in 4-form then find some
suitable tensor to fit in the electric and magnetic fields.



The current 4-vector

0
Recall the charge continuity equation a—'[: +7V-7 =0

Observing closely, we see that if we define J# = (p, T), then using
x* = (t,x,y,z), the continuity equation can very simply be written as

(contracting a vector and a one-form gives a scalar)

What this says is that J# is the correct 4-vector that compatible with space-time
transforms!

Note:
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The potential 4-vector

. 02 1 024 47
Recall the wave equations T _ V2 =41 g Ly 2y e Rieal g
Z ¢ - c% 0t? C /

2

: 0 : : —
We can see that in both cases we have the operator PFi B V2 acting on either ¢ or A.

[s that operator also related to some 4-vector?

Apparently, Yes! It is the square of the gradient operator!
02
6“(’9“ == —(ﬁ— \72)

Then, since J#* = (p, T) is a 4-vector as we have demonstrated, we can also define the
4-potential

Ak = (¢, )
Then, the wave equations are simply, in 4-form,

0%0,AP = —4rn]P

And the Lorenz gauge condition IEE
A% =0 Reminder:V-A+——¢=()
e c ot



Gauge-free form

Recall that before we took the Lorenz gauge, our equations for the potentials looked like:

(V- A)

Vo + e, = —4mp,
I%A ob A7
2, oA . 0PN _ A
VA - 2 v(v A+c@t> "
. gy u —_ % i\ u 2 62
By applying the definitions J# = (p, ] ); A* = (¢, 4); 0 3, = (V2 —=)

We find the 4-form for the above 2 equations as ~ 0%0,A4F — 0£0,4% = —4mjF

Since the equations for the potentials originally came from

We should be able to manipulate 09,47 — 380,A% = —4nJ# into something that
gives us the Maxwell equations in terms of E and B fields



Towards the Maxwell equations

Lets rewrite 099,47 — 380,A% = —4n]P as 3,(0%AP — 0P A%) = —4n]P

Comparing with V-D =4mp VXxH-—-——=—17

It should be clear that as the Maxwell equations contain only 15t derivatives,
d%AP — 9P A%should be some 2™ rank tensor that contains that E and B fields.

FoB = gapP — gb A«
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The Maxwell’'s equations in 4-form

= 00T
S in Griffiths,
As we defined the Minkowski metric as n,g = 8 (1) (1) 8 Istr;loe(;:mlznltto ;
0 0 0 1 Electrodynamics 3ed
the Faraday tensor has the form we derived
0 Ezis Byl 8B T o S e 7 )
12 0 e E 0 B ——R
FoB = 9oAf —gPp* =| 7 4 Y landFug = | Z 4
o ) S ¢ SR o <R o ) o R
jo LTI e s VR | by By iis =By 220

The source equation d,(0%AP — 9P A%) = —4nJP then becomes 9,F*® = —4rxJF

Or, since F*¥= —FPB% (2nd rank anti-symmetric tensor), 9,FP* = 4nJf — GBF“B = 4m]J“



The Maxwell's equations in 4-form
(cont’)

Also, we can define another 2" rank tensor
(sometimes called the Maxwell tensor) by E

e}
><CU
%QJ
X

N
o
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Faraday tensor FoB = y

0 -E, -E, -E,
7 3 op Ex 0 _BZ By 0 . 0
Note that in Jackson, one finds F*=| .~ , gl bexip Different by a minus sign
y zZ X
£, =B 1B, 0

1 0 0 O

A : 0o -1 0 o0

This is because Jackson uses the metric 7=\, , _; ,

0 0 0 -1

Looking at page 11 where we derived the Faraday tensor will show why.



The Maxwell's equations in 4-form
(cont’)

We can also show that OBGO‘B = 0 can be written as d,Fgy + 0pF,q + 0, Fyg =0
which basically is just an identity.

This means that by defining F*® = d*Af — 3F A% we have already included the
homogeneous Maxwell equations.



4-force

Previously, we have defined the equations U%* = %; P = myU%; F* = ddit
0 E, E, s [El v B
— cad It —qav -
Now, compare  poaf _ Ex O B, B, at ] gy

Vv
FEM:(](EJr XB)
C

Then one can see that what is left to write out the electromagnetic 4-force is U

Thus,
dP% ¢
— =—F%y
drgirec p

Simultaneously contains the work done by the E field and the Lorenz force.

Equation 6.116 is wrong!! It should be the one-form 4-velocity



Plane EM waves in 4-form

Previously, we found that in the Lorenz gauge d%9,4° = —4nJP,

Therefore the source free equation is 0“0aAﬁ = (0, which has the solution

A = R{A expli(k - x)]}

We see that the phase term k - x = —wt + kyx + k,y + k,z

Then, since phase is also a scalar, (sorry | don’t have a very good explanation for this),
we can rewrite k - x = —wt+ kyx + kyy + k,z = naBk“xﬁ

K% = (a), F\)

0%0,AP = 0 then gives nogk®kP = —w? + k% = 0 - photons travel along null vectors



Fluid aspects next week



t el peidnony oy §I Il t el peidnony oy §I Il t el peidnony oy §I Il t el peidnony oy §I Il t el peidnony oy §I Il e
R PSR TE ey ","-. S SR b ","-. FIETE e ""‘-. FIE oS TP ""'-. 3. BBy "‘.“f i
;Mcs R 1 g = Gl ST = Gl ST = Gl ST = of

e v e R e v e R e v e R . [aa ke 4 e T} 24 v e - 7.

-~
AT

§ ik
0 A i

b
=70 L i

(i g v - oy
L A el

S (E
L A el

(i g v - oy
L A el

{84
|

o2 : FASEN
Ky
o2 : S L2

g i o ;1
¥ R al

AT

#—J‘&»»‘;ol
k e

4 :.:' ’:,‘. = _." ’
,.3:?‘?::2 e bt b

] oy

AT

AT

#—J‘&»»‘;ol
k e

T
S E T B
s e

5
LR

TR, P
LA N

.g!vo‘
.’
f
#—J‘&»»‘;ol
Sk

P
R
4

AT

ol 4

s

AT

15y
‘
‘
v
Pt 3

s

e =
‘ g > T '-. 4 5
,.3:?‘?::2 AR An

] oy

AT

AT

ol 4

s

AT

ol 4

3‘ ST

b ”.a

T
S E T B
s e

s ¢
'3

TR, P
LA N

H

ol 4

B s e Ll
3 s

AT

#—J‘&»»‘;ol
k e

AT

1
ol 4

AT
AT
AT

#—J‘&»»‘;ol
k e

AT

#—J‘&»»‘;ol
k e

o
.::' ’:,‘. = -. 3 :-
r.g-.:.;-a.‘.":?w s c”

ol 4
t LN
=
ol 4
t LN



